This paper reports on a new model to investigate the femtosecond laser ablation of dielectrics by considering the time and space dependent optical properties of highly ionized dielectrics. A quantum treatment is employed to determine the free electron heating and the free electron relaxation time in the dense plasma. The proposed model greatly improves the prediction precision of ablation depth and can predict the crater shape of femtosecond laser ablation of dielectrics. The predicted ablation depths are in agreement with published experimental data for the example of barium aluminium borosilicate. Some interesting phenomena observed experimentally can be well explained by the proposed model.
Femtosecond laser ablation of dielectrics is an active research area which has very significant scientific and engineering merits [1] [2] [3] [4] [5] . In the ablation process, materials are first transformed into absorbing plasma with metallic properties and, then, the subsequent laser-plasma interaction causes material removal [1] . Energy transport in the ablation process can be divided into two stages: (1) the photon energy absorption, mainly through free electron generation and heating, and (2) the redistribution of the absorbed energy to the lattice, leading to material removal [1] . There are many challenges in predicting femtosecond laser ablation, especially the dissipation of the absorbed energy into the lattice and the corresponding material removal process [4] . Several material removal mechanisms may coexist and change from one mechanism to another during the removal process [4] . Comparing with material removal, the phenomena of free electron generation and heating are much better understood [4] . At laser intensities of the order of 10 13 -10 14 W cm −2 , avalanche ionization and multiphoton ionization are the two major competing mechanisms for free electron generation, for which a well-recognized model based on the Fokker-Planck equation was developed and validated by experiments [6, 7] . However, this existing model for free electron generation considers constant optical properties, and the free electron heating and its quantum effect are not properly addressed in the model. This study proposes a new model to predict the crater 1 Author to whom any correspondence should be addressed.
shape in femtosecond laser ablation of dielectrics at peak laser intensities of the order of 10 13 -10 14 W cm −2 . Building-up the number of free electrons is necessary in order to initiate the laser ablation process of dielectrics. For femtosecond lasers, the critical density is defined as the free electron density at which the plasma oscillation frequency is equal to the laser frequency. It is widely assumed that the ablation starts when the free electron density reaches the critical density [6] [7] [8] [9] . Once the critical density is created, the originally transparent or semi-transparent material becomes opaque and the absorbed laser energy is deposited mainly in a very thin surface layer within the femtosecond pulse duration, which leads to the ablation of the thin layer on the order of picoseconds. Therefore, threshold fluence can be considered as the minimal fluence that just creates the critical density [6, 7] . Similarly, the ablation depth is considered to be the maximum depth at which the free electron density is equal to the critical density [6] .
Since the free electrons in the thin ablation layer are excited to up to tens of electronvolts, the Coulomb explosion, electrostatic ablation, or non-equilibrium thermal ablation instead of melting dominate after the ionization process [2, 4, 5, 8] . Hence, during a femtosecond pulse irradiation, possible hydrodynamic (liquid phase) motion of dielectrics is generally negligible at relatively low fluences and, as a result, compared with long pulses (>10 ps), recast is greatly reduced and negligible. These assumptions make it possible to predict threshold fluence, ablation depth, and crater shape by calculating the ionization process during the femtosecond pulse duration without considering the subsequent phase changes. In femtosecond laser ablation of dielectrics, the electron temperature dominates the electronphonon temperature and the photon absorption depth governs the heated volume, as compared to long pulse (>10 ps) laser ablation, in which the phonon temperature dominates the electron-phonon temperature and the thermal diffusion depth governs the heated volume. Within the femtosecond pulse duration, the heat conduction including electronic heat conduction is neglected [7] . The following well-known equation derived from the Fokker-Planck equation is used to calculate the free electron generation [7] :
where t is the time, r the distance to the Gaussian beam axis, z the depth from the surface of the bulk material, n e (t, r, z) the free electron density, a i the avalanche ionization constant, I (t, r, z) the laser intensity inside the bulk material, and δ N the cross section of N-photon absorption. Based on experimental measurements of the threshold fluence, the two ionization constants are found to be a i = 1.2 ± 0.6 cm 2 J −1
3 for barium aluminium borosilicate (BBS) [3] . The original laser beam before it interacts with the material is assumed to be a Gaussian distribution in time and space. It is assumed that the laser focus point is at the material surface, z = 0. Considering time and space dependent optical properties, the laser intensities inside the bulk materials are expressed as
where F is the laser fluence, t p the pulse duration, R(t, r) the reflectivity, r 0 the radius of the laser beam that is defined as the distance from the centre in which the intensity drops to 1/e 2 of the maximum intensity, and α(t, r, z) is the absorption coefficient. The optical properties of the highly ionized dielectrics under a femtosecond pulse can be well determined by plasma properties [10] . In this study, the Drude model for the plasma in the metals and doped semiconductors is used to determine the optical properties of the ionized dielectrics. The space and time dependent dielectric function of the plasma is expressed as [11] (t, r, z) = 1 + n e (t, r, z)e
where e is the electron charge, m e the mass of electron, 0 the electrical permittivity of free space, τ e (t, r, z) the free electron relaxation time, and ω is the laser frequency. Based on equation (3), the absorption coefficient through free electron heating, α h (t, r, z), and the reflectivity on the surface of the highly ionized dielectric, R(t, r), can be determined by the Fresnel expression. The total absorption coefficient, α, accounting for both the free electron heating absorption and the absorption through avalanche ionization and N-photon ionization is derived as
where ε(t, r, z) is the average kinetic energy of free electrons and U I is the ionization potential of materials. The free electron relaxation time in equation (3) is calculated by [12] :
where Z * is the ionization state, k B the Boltzmann constant, T the electron temperature, F 1/2 the FermiDirac integrals, µ the chemical potential, and ln is the Coulomb logarithm, given as ln
2 ) [13] . b max is the maximum collision parameter,
, where h is the Planck constant. For free electrons modelled as 'particles in a box', the chemical potential can be calculated using [14] µ(n e , T ) = ε F (n e ) 1 − 1 3
where the higher order terms are neglected and ε F is the Fermi energy, which is given by ε F (n e ) = ( 
t, r, z)I (t, r, z) (7)
where c e is the specific heat of free electrons, c e (T , n e ) = (∂ E /∂T ) V = (∂ ε /∂T ) V and the average kinetic energy, ε , is determined by the Fermi-Dirac distribution:
where
e /h 3 is the density of states.
It is assumed that a small volume of material is ablated if its free electron density is equal to or above the critical electron density. For femtosecond lasers, the critical density, n cr , is selected as the free electron density at which the plasma oscillation frequency is equal to the laser frequency. Thus, according to equation (3) , n cr = 4π 2 c 2 m e ε 0 /λ 2 e 2 , where λ is the wavelength of the laser.
The example of a 780 nm, 220 fs laser ablation of BBS is calculated and compared with experimental results. The experimental ablation threshold fluence was found to be 3.2 ± 0.6 J cm −2 , and the corresponding experimental ablation depth was 270 ± 65 nm at 6.2 ± 0.7 J cm −2 laser fluence [2] . Our model gives the results of 3.26 J cm −2 and 260 nm, respectively, for threshold fluence and ablation depth at 6.2 J cm −2 . In the first 25 fs, at r = 0, z = 0, multiphoton ionization dominates the initial ionization process till the free electron density reaches 4.6×10 19 cm −3 . On the other hand, the overall contribution of avalanche ionization, 2.17 × 10 21 cm −3 , is much greater than that of multiphoton ionization, which makes the signs of avalanche ionization in fused silica at such short pulses unobservable in experiments [15] . The critical density is created at about 95 fs. As shown in figure 1(a) , the reflectivity at r = 0, z = 0 is nearly zero at the initial stage of the pulse irradiation. From 80 to 110 fs, the reflectivity increases rapidly to about 0.87. The calculational results show that the critical electron density is reached at about 95 fs. Hence, after the formation of the critical density the laser energy is mainly reflected. As shown in figure 1(b) , the total reflectivity integrated for the entire time domain significantly decreases as r increases. At r = 0 where the peak free electron density forms, the total reflectivity is the highest, 0.549, while it drops to 0.023 at r = 40 µm. The reflectivity distribution reshapes the Gaussian beam profile to become flatter. Another important optical property influencing the crater shape is the absorption coefficient. A sample absorption coefficient distribution at z = 0, t = 110 fs is shown in figure 1(c) , which illustrates a strong r-dependent feature. Due to the variations of reflectivity and absorptivity of the ionized dielectrics in the time and space domains, the laser intensities transmitted into the plasma layers are reprofiled from the original Gaussian distribution to the shapes as shown in figure 1(d) at different depths. In 0-70 fs, the transmitted laser intensities at depths of 0, 100, and 200 nm are quite similar in shape to the original beam. However, after the free electron densities become comparable to the critical density, the Gaussian beam is strongly reshaped by the dense plasma. The shapes of the ablation crater by a 780 nm, 220 fs laser at three different fluences are shown in figure 2(a) . The ablation crater is quite Gaussian-like at the fluence 3.8 J cm −2 , which is close to the threshold fluence 3.26 J cm −2 . However, the ablation shape at 6.2 J cm −2 is rather flat as compared to the original Gaussian beam. The flat-bottom crater at 10 J cm −2 is even more obvious. Craters with a flat-bottom shape have been reported in previous experiments on femtosecond laser ablation of semiconductors [16] . This phenomenon occurs only if the reflectivity and absorptivity of the highly ionized material increase significantly with the increase of the fluence. based on Beer's Law considering constant optical properties in the form of d = (1/α) ln(F /F th ), where F th is the threshold fluence, is also given, which obviously is not consistent with the experimental data, even though an average absorption coefficient was used [17] . As shown in figure 2(b) , the predicted ablation depth increases from 0 to 210 nm, which corresponds to an increase in fluence from 3.26 to 4.7 J cm −2 , that is 1-1.44 times of the threshold fluence. In this fluence range, because of the uncertainties in fluences which lead to large uncertainties in the ablation depth, it is very difficult to precisely control the ablation depth of BBS below 210 nm using a 780 nm, 220 fs laser. This explains the poor repeatability and controllability in femtosecond laser microfabrications when fluences slightly above the ablation threshold are used. On the other hand, from 4.7 to 17.7 J cm −2 the increase in the ablation depth is relatively slow. The characteristics of flat-slope after a steep-slope in ablation depth as a function of fluence were also observed in other materials [18, 19] .
Another important parameter for laser ablation is pulse duration. Figure 2 (c) presents the ablation depth as a function of pulse duration at 780 nm and 6.2 J cm −2 . It is seen that the ablation depth increases with increase in pulse duration in the range 40-240 fs. This is caused by the fact that both the reflectivity and the absorptivity of the ionized dielectric drop in this range. On the other hand, the ablation depth decreases with the increase in pulse duration in the range of 360-800 fs. This is because during the pulse duration 360-800 fs, the threshold fluence increases from 3.88 to 4.98 J cm −2 , which is closer to the ablation fluence at 6.2 J cm −2 . In summary, this study proposes a new model with a quantum treatment for free electron heating and relaxation time. The proposed model greatly improves the prediction precision of the ablation depth and can predict the crater shape in femtosecond laser ablation of dielectrics typically in 1-6 times of the threshold fluence. The ablation depths predicted by the proposed model are in agreement with the experimental measurements in the example of BBS. Some results from the case study of BBS can be summarized as follows: (1) during the femtosecond pulse irradiation, the optical properties of highly ionized material are very time and space dependent which is critical for the crater shape; (2) under some special ablation conditions, where reflectivity and absorptivity are strongly fluence-dependent, the bottom of the ablation crater could be rather flat due to the variations of optical properties in the space and time domains; (3) although the photon-cost effectiveness in terms of material removal rate decreases as the fluence increases, it is rather difficult to achieve high repeatability of ablation at fluences slightly above the threshold fluence; and (4) the ablation depth increases, reaches a maximum value, and then decreases as the pulse duration increases.
